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EXTENSION PROPERTY IN THE TRIDISC
 LUKASZ KOSIN´SKI AND W LODZIMIERZ ZWONEK
Abstract. Motivated by works on extension sets in standard do-
mains we introduce a notion of the Carathe´odory set that seems
better suited for the methods used in proofs of results on charac-
terization of extension sets. A special stress is put on a class of
two dimensional submanifolds in the tridisc which not only turns
out to be Carathe´odory but also provides examples of two dimen-
sional domains for which the celebrated Lempert Theorem holds.
Additionally, a recently introduced notion of universal sets for the
Carathe´odory extremal problem is studied and new results on do-
mains admitting (no) finite universal sets are given.
1. Extension property and Carathe´odory sets
1.1. Introduction and state of affairs. For a set V ⊂ D, where D
is a domain in Cn we denote by O(V ) the set of holomorphic func-
tions defined on V as the set of all f : V → C such that for arbitrary
w ∈ V there are an open neighborhood W of w in D and a holo-
morphic g : W → C such that f coincides with g on V ∩ W . By
H∞(V ) we mean the algebra of bounded holomorphic functions on V .
In what follows many results could be formulated and proven for alge-
bras of holomorphic functions on V containing polynomials; however,
we restrict ourselves to the special case of the algebra of bounded holo-
morphic functions. Additionally, for the simplicity of formulations and
clarity of presentation we always assume that the set V has analytic
structure in the sense that V is always to be assumed to be an analytic
set in the given domain D.
The analytic set V ⊂ D has the extension property if for any f ∈
H∞(V ) there is an F ∈ H∞(D) such that F ≡ f on V and ||F ||D =
||f ||V .
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The origin of a problem of the existence of norm preserving exten-
sions of bounded holomorphic functions goes back to Rudin’s book
([21], Theorem 7.5.5). The key step in that area of research can be
found in [4] where the problem was solved for the bidisc. More pre-
cisely, the following result was proven.
Theorem 1. (see [4]) Let V be a relatively polynomially convex subset
of D2. Then V has the extension property if and only if it is a retract.
Recall that V ⊂ D is a retract if there is a holomorphic map r :
D → D such that its range is V and r|V is the identity. It is an obvious
observation that any retract has the extension property.
Later Kosin´ski and Mc Carthy proved, relying on the Lempert the-
ory, that the same statement as above holds for the class of two-
dimensional strictly convex domains D (see [14]). They also showed
some necessary form of the sets with the extension property in suffi-
ciently smooth strongly linearly convex domains in higher dimensions.
Such sets must be totally geodesic.
On the other hand in the paper [2] the Authors described the sets
with the extension property in the symmetrized bidisc and they found
out that in this case there are sets with the extension property that
are not retracts.
Although the problem of a characterization of the extension sets in
the simplest case of the polydisc has been studied it is very frustrating
that only some partial results on that topic were obtained. In this
context let us mention results in [10], [6], [19], [13].
The situation in the tridisc D3 was studied in [13]. In particular, the
Authors showed that one dimensional sets with the extension property
are precisely retracts (that was later generalized to arbitrary polydiscs
in [19]) and for two-dimensional sets with the extension property they
found out some necessary form. The last form was, as indicated in
[13], not sufficient for the set to have the extension property. But the
Authors considered a class of two-dimensional subsets that satisfied
the necessary form from their results and still they coud not decide
whether that class had the extension property. In our paper this class
of two-dimensional algebraic subsets is a starting point for our consid-
erations and it is the main object we are working on in the paper. More
precisely, we look at analytic submanifolds Mα defined as the sets
{(z1, z2, z3) ∈ D
3 : α1z1 + α2z2 + α3z3 = α¯1z2z3 + α¯2z1z3 + α¯3z1z2},
where α1, α2, α3 ∈ C are not all zeros.
Remark 2. Note that the variety Mα is not a retract of the tridisc
exactly when |αi1 |+ |αi2| > |αi3 | for all possible permutations (i1, i2, i3)
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of the set {1, 2, 3} – we shall call that the triple satisfies the triangle
inequality. Moreover, the family {Mα} is stable under automorphisms
of D3 in the following sense: if z ∈ Mα and ϕ ∈ Aut(D
3) maps z
to 0, then ϕ(Mα) = Mβ for some β. This follows from elementary
computations. And all the results for Mα presented below are non-
trivial precisely when the triple α satisfies the traingle inequality –
otherwise the sets are biholomorphic to the bidisc.
Recall that a characterization of retracts in the polydisc as the sets
being graphs of holomorphic functions over lower dimensional polydiscs
comes from [11]. Note that the triangle inequalities are preserved by
the authomorphism ϕ as being a retract is preserved by such automor-
phisms.
As one looks at the proofs of results describing the extension sets in
a series of papers in quite different situations a weaker form of the ex-
tension property is a more natural to work with. Namely, the existence
of norm preserving extensions of some extremal functions is essential.
And in principle the results on the description of extension sets just
mentioned may be generalized to that new notion. This is formally
done in Section 2 where the proofs are given in a detailed and partially
novel way in the bidisc only. In other cases they are merely outlined as
the proofs may be copied almost literally from the existing litereature.
The notion that is new and is basic in our paper is the one of the (in-
finitesimally) Carathe´odory set to be defined below. To define the ob-
jects we use notion of the Carathe´odory pseudodistance (Carathe´odory-
Reiffen pseudometric) that is an example of a holomorphically invariant
function. Since basic properties of holomorphically invariant functions
are essential for us we ask the Reader to consult the book [12] on the
fundamental properties of these functions.
By ρ we denote the hyperbolic metric on the unit disc D := {λ ∈ C :
|λ| < 1}. We also denote T := ∂D.
We define the Carathe´odory pseudodistance
cV (z, w) := sup{ρ(F (z), F (w)) : F ∈ O(V,D)}.
Its infinitesimal version, the Reiffen-Carathe´odory pseudometric, is
defined below
γV (w;X) := sup{|F
′(w)X| : F ∈ H∞(V ), ||F || ≤ 1, F (w) = 0},
where w ∈ V is a regular point (w ∈ Vreg) and X is an arbitrary vector
from the tangent space TwV .
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A function F for which the supremum in the definition above is
attained is called extremal (respectively, infitesimally extremal) for the
pair (z, w) (respectively, (w;X)).
Note that if V is an analytic set in D then cV (w, z) ≥ cD(w, z) for
any w, z ∈ V and γV (w;X) ≥ γD(w;X) for any w ∈ Vreg, X ∈ TwV .
Definition 3. Let V be a set (an analytic variety) in a subdomain D
of Cn.
We say that V is a Caratheodory set if
cD(z, w) = cV (z, w) for all z, w ∈ V.
We say that V is an infinitesimal Carathe´odory set if
γD(w;X) = γV (w;X)
for any regular point w ∈ Vreg and X ∈ TwV .
As we have already anounced the (infinitesimal) Carathe´odory sets
are the ones that admit the norm preserving extensions of (infinitesi-
mally) extremal functions.
It is an elementary observation that if V that has the extension
property then it is a Carathe´odory set. Any Carathe´odory set is an
infinitesimal Carathe´odory set. In Section 2 we briefly sketch how the
known proofs on results describing extension sets presented above apply
to the situation of the Carathe´odory sets. At this place note that any
Carathe´odory set must be connected.
1.2. Link to the Lempert theory. While trying to characterize the
sets having the extension property (or Carathe´odory sets) the impact
of the Lempert theory of holomorphically invariant functions in convex
domains turns out to be essential. First recall that for the domain D
and points w, z ∈ D we define the Lempert function
(1) lD(w, z) :=
inf{p(0, t) : ∃f ∈ O(D, D) such that f(0) = w, f(t) = z}.
Note that the definition of the Lempert function may be easily ex-
tended to arbitrary subsets M ⊂ Cn (with D replaced by M) - in case
there is no holomorphic mapping joining w, z lying entirely in M we
define lM(w, z) := ∞. We may also define the infinitesimal version of
the Lempert function. We define
(2) κV (w;X) := inf{|λ| : ∃f : D→ V, f(0) = w, λf
′(0) = X},
where w ∈ Vreg andX ∈ TwV . The function κV is called the Kobayashi-
Royden pseudometric.
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We call a holomorphic mapping f : D → D a complex geodesic if
there is a holomorphic function F : D → D such that F ◦ f is an
automorphism of the unit disc. In particular, for any λ, µ ∈ D we
have the equality ρ(λ, µ) = cD(f(λ), f(µ)), λ, µ ∈ D. We call the
function F to be the left inverse of the complex geodesic f . We also
say that the complex geodesic f passes through w, z ∈ D (respectively,
(w;X) ∈ D × Cn) if w, z ∈ f(D) (respectively, w = f(λ) and X is
paralel to f ′(λ) for some λ ∈ D).
The main result in the Lempert theory is the following.
Theorem 4. (see [17], [18]). Let D be a convex domain in Cn. Then
cD ≡ lD. Moreover, if D is additionally bounded then for any two
points w, z ∈ D (respectively, w ∈ D, X ∈ Cn) we may find a complex
geodesic f : D→ D passing through w, z (respectively, (w;X)).
Actually for taut domains D ⊂ Cn (i. e. such that any sequence
of holomorphic mappings fk : D → D is a normal family) the fact
that cD coincides with lD is equivalent to the existence for any pair
of points w, z ∈ D of a complex geodesic passing through them. It is
quite natural to call any taut domain D such that cD ≡ lD the Lempert
domain. The Lempert theorem states that any bounded convex domain
is the Lempert domain. Note that the complex geodesics in D are
proper holomorphic embeddings of the unit disc into the domain D.
Definition 5. Let V be an analytic subset of a domain D in Cn.
We say that V is totally geodesic in D if for any z, w ∈ V , z 6= w
there exists a complex geodesic f : D → D passing through z and w
that lies entirely in V .
We say that an analytic set V in D is infinitesimally totally geodesic
if for any w ∈ Vreg and any X ∈ TwV we find a complex geodesic
f : D → D such that f(0) = w, the vector X is paralel to f ′(0) and
the image of f lies entirely in V .
Proposition 6. (Infinitesimally) totally geodesic set V in a Lempert
domain D is (infinitesimally) Carathe´odory set.
Proof. Choose distinct points z, w ∈ D and a holomorphic function
F : V → D. Let f be a complex geodesic passing through z, w that
lies in V . Choose λ, µ ∈ D so that f(λ) = z, f(µ) = w. Then, by the
Schwarz lemma,
ρ(F (z), F (w)) = ρ(F (f(λ), F (f(µ)) ≤ ρ(λ, µ) = lD(z, w) = cD(z, w).
Consequently, cV (z, w) ≤ cD(z, w) which finishes the proof in the first
case. The proof in the infinitesimal case goes along the same lines so
we skip it. 
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1.3. Main results. As we already announced the starting point for
considerations in the paper are the two-dimensional submanifolds Mα
of D3. The following theorem is one of main results of our paper (see
Theorem 16).
Theorem 7. The set Mα = {z ∈ D
3 : α1z1 + α2z2 + α3z3 = α¯3z1z2 +
α¯2z1z3 + α¯1z2z3} is Carathe´odory. Moreover, lMα ≡ cMα ≡ (cD3)|M2α.
Although we do not know whether the sets Mα are always extension
sets the above result gives not only a new insight into the understanding
of the extension property and extends resluts of [13] but also provides
an interesting class of Lempert domains. To make the last statement
clear we introduce a class of two dimensional subdomains in D2. For
a, b > 0 we define
(3) Da,b := {z ∈ D
2 : |Fa,b(z1, z2)| < 1},
where Fa,b(z1, z2) :=
az1+bz2−z1z2
az2+bz1−1
. Note that the function Fa,b is the
one which gives a solution z3(z1, z2) of the equation defining Mα for
suitably chosen α. Similarly as above the domain Da,b is interesting
precisely when the triple {a, b, 1} satisfies the triangle inequality.
A direct consequence of the above result is the following (see Theo-
rem 21).
Theorem 8. The domain Da,b is the Lempert domain.
As we shall see later the domains Da,b are, under some obvious as-
sumptions on a and b, even not linearly convex (see Remark 22). The
existence of a nice class of bounded hyperconvex domains that are
Lempert though it is not known whether they are biholomorphically
equivalent to convex (or strongly linearly convex) domains is essential
for the Lempert Theory. This is so because the only domains with all
holomorphically invariant functions equal for which that equality could
not be concluded from the Lempert theorem is the tetrablock (intro-
duced in [1]) – see [8]. Recall that the first example that at the time
of the discovery of being Lempert could not be proven by the Lempert
theory, i. e. the symmetrized bidisc (see [7], [5]), was later discovered
to be exhausted by strongly linearly convex domains - that made pos-
sible the verification of the equality of all holomorphically functions on
the symmetrized bidisc from the Lempert Theorem (see [20]).
In Section 4 motivated by a recent paper [2] we consider the universal
sets for the Carathe´odory problem, i. e. the sets C ⊂ O(D,D) which
can replace the set O(D,D) in the definition of the Carathe´odory pseu-
dodistance of the domain D. We remark that in dimension one under
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very mild and natural assumptions the existence of a finite universal
set for the Carathe´odory problem implies that the domain is the disc
(Proposition 26).
It is noted in [2] that in dimension two the existence of a universal set
with two elements requires the domain to be the bidisc. We generalize
this result showing that the existence of a finite universal set lets the
domain embed in the polydisc (possible of higher dimension) – see
Theorem 28. Additionally, the domains Da,b ⊂ C
2 turn out to be
examples of the ones admitting three and not two elements in the
universal set thus showing that the situation in dimension two differs
from that in dimension one and there are other than the bidisc nice
and non-trivial domains admitting a finite number of elements in the
universal set - see Example 29.
In Section 2 the main stress is put on extension and simplification
of the situation in the bidisc, i. e. Theorem 1, which is the content of
Theorem 11 and Corollary 12. The characterization of Carathe´odory
sets in the situation of strictly convex, strongly linearly convex and the
symmetrized bidisc is sketched only as the methods from [3], [14] and
[13] apply in the general case word by word.
In Section 5 we briefly discuss the problem of a possible structure of
universal sets for the Carathe´odory extremal problem in the Euclidean
ball Bn and we show how to produce universal sets that are ’smaller’
than the ones obtained by the most evident way.
2. Carathe´odory sets replace extension sets
This section studies connection between Carathe´odory and extension
sets. Its first aim is to describe Carathe´odory sets in the bidisc showing
that they are holomorphic retracts. It is thus trivial that both notions
coincide there which, in particular, proves and extends [4]. After a more
detailed study of the case of the bidisc we sketch how the proofs in [3],
[14] and [13] may be applied to get the results describing Carathe´odory
sets in the cases of strictly convex, strongly linearly convex domains
and the symmetrized bidisc — the proofs of (formally stronger) results
follow exactly the same lines as in appropriate papers.
Proposition 9. Let D be a domain in Cn and V ⊂ D an analytic set.
Assume that cV (z, w) = cD(z, w) > 0 for some z, w ∈ V (respectively,
γD(z;X) = γV (z;X) > 0, for some z ∈ Vreg and X ∈ TzV ). If the
function F : D → D is extremal for (z, w) (resp. for (z;X)), then
F (V ) is dense in D.
Proof. Suppose that F (V ) is not dense in D. Let ∅ 6= △¯ ⊂ D, △¯ ∩
F (V ) = ∅, be a closed disc. In the first case the result follows from
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Lemma 9.3 in [3] which gives the existence of a holomorphic function
β : D \ ∆¯→ D such that
ρ(F (z), F (w)) < ρ(β(F (z)), β(F (w))) ≤ cD(z, w),
which contradicts the extremality of F . The infinitesimal case follows
the same idea (and makes use of the same Lemma 9.3 from [3]). 
Below we use the notion of balanced points introduced in [4]. A pair
(z;w) ∈ D2 ×D2, z 6= w (respectively, (z;X) ∈ D2 ×C2, X 6= (0, 0)) is
called balanced (respectively, infinitesimally balanced) if it satisfies the
equality ρ(z1, w1) = ρ(z2, w2) (respectively, γD(z1;X1) = γD(z2;X2)).
Note that being (infinitesimally) balanced is invariant under holomor-
phic automorphisms of D2 in the sense that if the pair (z, w) (respec-
tively, (z;X)) is (infinitesimally) balanced then so is (a(z); a′(z)(X))
(respectively, (a(z), a(w))) for any automorphism a of D2. It follows
from the Schwarz lemma that the (infinitesmally) balanced pair deter-
mines uniquely a complex geodesic passing through them – in this case
both components of the geodesic are automorphisms of the unit disc).
Lemma 10. Let V ⊂ D2 be polynomially convex analytic subvariety.
If V contains a balanced pair (z, w) ∈ V 2 and cV (z, w) = cD2(z, w)
(respectively, infinitesimally balanced pair (z,X) ∈ Vreg × TzV and
γV (z;X) = γD2(z;X)) then it contains the unique complex geodesic
passing through them.
Proof. The proof is standard, we are recalling it for the sake of com-
pleteness. Losing no generality we can assume that z = (0, 0). Since
((0, 0), w) (respectively, ((0, 0);X)) forms a balanced (respectively, in-
finitesimally balanced) pair we get that w2 = ωw1 (respectively, X2 =
ωX1) , |ω| = 1. Then making use of the fact that the function
z1+ω¯z2
2
is
(infinitesimally) extremal for ((0, 0), w) (respectively, ((0, 0);X)), due
to Proposition 9 we get that the set { z1+ω¯z2
2
: z ∈ V } is dense in D,
so the polynomial convexity of V implies that {(λ, ωλ) : λ ∈ D} ⊂ V ,
which finishes the proof. 
Theorem 11. Let V be an analytic subvariety of D2 that is polynomi-
ally convex. Then V is an infinitesimal Carathe´odory set if and only if
it is a union of a discrete set and complex geodesics.
Proof. The only difficult part is to show that any one-dimensional ir-
reducible component W of an infinitesimal Carathe´odory set is (equiv-
alently, contains) a complex geodesic.
The case when there is a point (z;X) ∈ Wreg × (TzW \ {0}) that is
infinitesimally balanced follows from Lemma 10.
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Suppose that no pair (z;X) ∈ Wreg× (TzW \{0}) is balanced. Then
without loss of generality we may assume that
(4) γD(z2, X2) < γD(z1, X1) for every z ∈ Wreg and X ∈ Tz(W ) \ {0}.
In particular, near every such z the variety W is a graph of a holomor-
phic function over the first coordinate. Moreover,
(5) ρ(z2, w2) < ρ(z1, w1)
if z, w ∈ Wreg, z 6= w are close enough to each other.
We shall prove that W contains a graph of a holomorphic function
f : D → D with the property |f(λ)| < |λ|, λ ∈ D \ {0} which would
finish the proof.
First note that near (0, 0) we get the existence of a holomorphic
f0 : △(0, ǫ) → D with the property |f0(λ)| < |λ|, λ ∈ △(0, ǫ) \ {0}
and {(λ, f0(λ)) : λ ∈ △(0, ǫ)} = W ∩ △(0, ǫ)
2. Below we show how
we may extend the function to the whole unit disc. Denote K :=
π1((W \Wreg)∩ {|z2| ≤ |z1|}) which is a discrete subset of D \△(0, ǫ).
Define F as the family of all pairs (U, g) where △(0, ǫ) ⊂ U ⊂ D,
U is star-shaped (with respect to 0), g : U → D is holomorphic with
|g(λ)| < |λ|, λ ∈ U \ {0} and g|△ ≡ f0. The identity principle shows
that for any two pairs (Uj , gj) ∈ F we have g1 = g2 on U1 ∩ U2.
Consequently, the relation (U1, g1) ≤ (U2, g2) if U1 ⊂ U2 is a partial
order on F .
We define the extension as follows U :=
⋃
(U,g)∈F U and the function
f : U → D with the formula f(λ) := g(λ) if λ ∈ U and (U, g) ∈ F . Note
that the function f is well-defined, holomorphic, coincides with f0 on
△(0, ǫ) and |f(λ)| < |λ|, λ ∈ U \ {0}. The element (U , f) is a maximal
element of F . It is sufficient to show that U = D. Suppose the opposite.
Take a point µ ∈ ∂U ∩D such that the ray {rµ : r ∈ [0, 1)} ⊂ U . First
note that f(µ) := limU∋λ→µ f(λ) exists and |f(µ)| ≤ |µ|, as otherwise
W would contain over µ uncountably many points so the disc {µ}×D
would be contained in W which contradicts the irreducibility of W .
Note also that |f(µ)| < |µ|. To see it divide [0, 1] into sufficiently small
intervals 0 = t0 < t1 < · · · < tN := 1. Using (5) we get
ρ(f(µ), f(0)) ≤
N∑
j=1
ρ(f(tj−1µ), f(tjµ)) <
N∑
j=1
ρ(tj−1µ, tjµ) = ρ(µ, 0).
We claim that µ ∈ K. Suppose the opposite. Then (µ, f(µ)) ∈ Wreg.
The set Wreg is near the point (µ, f(µ)) the graph of a holomorphic
function which easily gives a strictly bigger element than (U , f), which
contradicts its maximality.
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Now we extend the function f as follows. We already know that
int(U¯) is D. And now proceeding similarly as earlier assuming that
f cannot be extended continuously to D we get that at some point µ
from ∂U∩D the cluster set of f would contain uncountably many points
from D which would forceW to contain {µ}×D – a contradiction. The
continuous extension of f is then trivially holomorphic.

Corollary 12. Let V be as in Theorem 11. Then V is a Carathe´odory
set if and only if it is a holomorphic retract.
Proof. We already know that the Carathe´odory set is connected. If V
is not a single point, then, by Theorem 11, V contains the graph of a
complex geodesic G which is, up to a permutation of variables, of the
form {(λ, f(λ)) : λ ∈ D}, where f ∈ O(D,D). If V is not equal to G,
we can assume that (0, 0) ∈ V and f(0) 6= 0. Note that |f(λ)| < |λ| for
λ ∈ D \ {0} implies that f(0) = 0 which contradicts our assumption,
while |f(λ)| > |λ| for λ ∈ D∗ is impossible. Therefore, there is at
least one µ (and thus uncountable many) such that |f(µ)| = |µ|. For
every such µ the pair (0, 0) and (µ, f(µ)) is balanced. Therefore these
µ the variety V contains a geodesic {(λ, ωµλ) : λ ∈ D}, where ωµ
satisfies f(µ) = ωµµ. It is also elementary that the set of all these ωµ is
uncountable. From this we simply get that V is the whole bidisc. 
The equivalence of the notions of the Carathe´odory set and infinites-
imal Carathe´odory set should hold for varieties without singular points
for a reasonable class of V ⊂ D.
In the remaining part of the section we shall describe relation be-
tween Carathe´dory and extension sets in some classes of domains.
Roughly speaking both notions can be replaced by each other in state-
ments of all the results that have been obtained so far. We shall explain
this briefly below.
Recall that a domain D ⊂ Cn is linearly convex if its complement
is the union of complex affine hyperplanes. The domain D with the
smooth defining function r satisfying the inequality
(6)
n∑
j,k=1
∂2r
∂zj∂z¯k
(w)XjX¯k >
∣∣∣∣∣
n∑
j,k=1
∂2r
∂zj∂zk
(w)XjXk
∣∣∣∣∣
for any w ∈ ∂D, X 6= 0 lying in the complex tangent hyperplane to
∂D at w is called strongly linearly convex.
Remark 13. Using methods from the present paper and the ones used
in [14] we can get the following result: Let a domain D in Cn be strictly
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convex or strongly linearly convex. Let V be a relatively polynomially
convex analytic subset of D. Then V is a Carathe´odory set if and only
if is totally geodesic.
In particular, if D is the is the Euclidean ball Bn or n = 2 then any
Carathe´odory set V is a holomorphic retract.
Remark 14. Except for examples described above the extension prop-
erty problem was solved fully only in a particular example of the domain
(7) G2 := {(λ+ µ, λµ) : λ, µ ∈ D}
called the symmetrized bidisc. It turns out that both notions coincide
there in a reasonable class of domains. More precisely, an algebraic set
V in G2 is a Carathe´odory set if and only if it has extension property.
Moreover, there are one dimensional Carathe´odory sets in G2 that are
not complex geodesics.
To see this one needs to follow the proof in [3] to get that any
Carathe´odory set V is either Vβ or Vβ ∪ Σ, β ∈ D, Vβ = {(β + β¯λ, λ) :
λ ∈ D} and Σ = {(2λ, λ2) : λ ∈ D} or there is a biholomorphic mapping
ι : D → V . In the latter case, ρ(ι−1(z), ι−1(w)) ≤ cV (z, w) = cG2(z, w)
for z, w ∈ V. Thus for ι(λ) = z and ι(µ) = w we get ρ(λ, µ) ≤
cG2(ι(λ), ι(µ)) ≤ ρ(λ, µ), which means that ι is a geodesic.
Remark 15. The extension problem has been studied in the tridisc in
[13], where partial characterization of extension sets were obtained.
One can modify arguments used there along methods exploited within
the proof of Theorems 11 and 12 to get that all the assertions of the
main results for extension sets in [13] are also satisfied by Carathe´odory
sets.
3. Carathe´odory sets in the tridisc - the case of the sets
Mα
Our first and main result of this section is the proof of the fact that
the setsMα – two dimensional algebraic submanifolds of D
3 defined ear-
lier – are Carathe´odory sets. Moreover, the equality as in the Lempert
Theorem holds for them. The main result is formulated below.
Theorem 16. The set Mα = {z ∈ D
3 : α1z1 + α2z2 + α3z3 = α¯3z1z2 +
α¯2z1z3 + α¯1z2z3} is Carathe´odory. Moreover, lMα ≡ cMα ≡ (cD3)|M2α.
What remains unclear for us is whether the sets Mα have the exten-
sion property. Moreover, as we shall also see later in the section, the
setsMα give rise to a construction of two-dimensional domains (denote
by Da,b) that are Lempert. To the best of our knowledge the fact that
the domains Da,b are Lempert cannot be proven by methods developed
EXTENSION PROPERTY IN THE TRIDISC 12
by Lempert. This makes the sets extremely interesting from that point
of view - we shall address these problems at the end of the present
Section.
The result is trivial if M := Mα is a retract. Therefore, from now on
we shall assume that this is not the case. In other words the inequalities
|αj1| + |αj2| > |αj3| are satisfied for all permutations (j1, j2, j3) of the
set {1, 2, 3}. In the sequel the triples α satisfying this property will
be called the ones that satisfy the triangle inequality. Note that if the
triple α satisfies the triangle inequality then αj 6= 0, j = 1, 2, 3.
According to Proposition 6 to get the assertion it is sufficient to show
thatM is totally geodesic. To prove it we shall first show in Lemma 17
that it is infinitesimally totally geodesic. Then a topological argument
will finish the proof.
Using Remark 2 we may make the following reduction. Instead of
proving the fact that Mα is Carathe´odory for the fixed α it is sufficient
to show that
lMα(0, x) = cMα(0, x) = cD3(0, x), x ∈Mα
for any Mα being not a retract.
Then the idea of the proof of the above equality is the following.
First we show the existence of a complex geodesic passing through
the origin and arbitrary vector tangent to Mα at 0. It is theoretically
possible that not all the points from the set Mα will be achieved by
such geodesics. But the use of some topological argument will provide
the existence of a geodesic passing through 0 and arbitrary point of
Mα. At the same time we show that left inverses to all such geodesics
may be attained by one of three functions: the projections of M onto
one of the three axes.
We fix now M = Mα being not a retract. Note that M can be
written as
M =
{
z ∈ D3 : z3 = ω
az1 + bz2 − z1z2
b¯z1 + a¯z2 − 1
}
,
for some numbers a, b such that the triple {a, b, 1} satisfies the triangle
inequality and unimodular ω. Using linear automorphism of D3 we can
additionally assume that a, b > 0 and ω = 1. Note that in such a case
T0M = {X ∈ C
3 : aX1 + bX2 +X3 = 0}.
We start the proof with the following statement.
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Lemma 17. Define
X := {γ = (γ1, γ2) ∈ C
2 : (γ, 1) ∈ T0M and |γ1|, |γ2| < 1}.
Then there are two continuous mappings
(8) (ω, η) = (ω, η)(γ) : X → T2
such that for any γ ∈ X the image of the mapping
(9) (†) Φγ : D ∋ λ 7→ (λmγ1(ωλ), λmγ2(ηλ), λ)
lies in M (mν(λ) :=
ν−λ
1−ν¯λ
, λ ∈ D, ν ∈ D).
The two existing mappings (ω, η) are such that both components differ
at each argument.
Consequently, for any γ ∈ X there are two non-equivalent geodesics
(i. e. having different image) passing through the pair (0; (γ, 1)).
We also have the ’infinitesimal’ version of the Lempert theorem at
0, namely, the equality κM(0;X) = γM(0;X) holds for any X ∈ T0M .
Remark 18. The set X is geometrically lens (linear transformation of
intersection of two discs) with exactly two points γ, γ˜ from the closure
that lie in T2.
Proof of Lemma 17. Let us recall that the triple {a, b, 1} satisfies the
triangle inequality - it will be used in the sequel extensively.
Our aim is to show for any γ ∈ X the existence of exactly two pairs
(ω, η)(γ) ∈ T2 (moreover, varying continuously) such that the following
equality
(10) aλ
γ1 − ωλ
1− ωγ¯1λ
+ bλ
γ2 − ηλ
1− ηγ¯2λ
+ λ =
aλ2
γ2 − ηλ
1− ηγ¯2λ
+ bλ2
γ1 − ωλ
1− ωγ¯1λ
+ λ2
γ1 − ωλ
1− ωγ¯1λ
γ2 − ηλ
1− ηγ¯2λ
holds for all λ ∈ D.
Keeping in mind that γ ∈ X we easily get that the above equality
holds if and only if
(11) aω + aηγ¯2γ1 + bη + bωγ¯1γ2 + ωγ¯1 + ηγ¯2 = −aγ2 − bγ1 − γ1γ2.
Keeping in mind that γ ∈ X (more precisely making use of the equality
aγ1 + bγ2 + 1 = 0) we get that the last is equivalent to
(12) aω(1− |γ1|
2) + bη(1− |γ2|
2) + aγ2 + bγ1 + γ1γ2 = 0.
The elementary planar geometric properties show that to finish the
proof it is sufficient to show that for all γ ∈ X the following inequalities
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hold
(13)
|a(1−|γ1|
2)−b(1−|γ2|
2)| < |aγ2+bγ1+γ1γ2| < a(1−|γ1|
2)+b(1−|γ2|
2).
To prove the right inequality we consider the function
(14) h(γ) := |aγ2 + bγ1 + γ1γ2| − a(1− |γ1|
2)− b(1− |γ2|
2)
that is defined on a complex line l containing X (that is identified as
a subdomain of l). The function h is subharmonic as a function of
a complex variable. To prove the desired inequality it is sufficient to
show that h is 0 on the boundary of X . Take γ from the boundary of
X . We may assume that |γ2| = 1. Then the elementary calculations
give
(15) h(γ) = |a+ bγ1γ¯2 + γ1| − a(1− |γ1|
2) = 0.
The proof of the second inequality goes as follows. Due to the sym-
metry it is sufficient to show that
(16) |aγ2 + bγ1 + γ1γ2|+ b(1− |γ2|
2) > a(1− |γ1|
2).
Note that the left side of the above inequality is
(17)
∣∣∣∣aγ2 − ba(bγ2 + 1)− bγ2 + 1a γ2
∣∣∣∣ + b(1− |γ2|2) =∣∣∣∣ baγ22 + ba + 1 + b
2 − a2
a
γ2
∣∣∣∣ + b(1− |γ2|2) ≥
b
a
|γ2 − 1|
2 −
b2 + 2b+ 1− a2
a
|γ2|+ b(1− |γ2|
2).
Therefore, it is sufficient to show that for all γ2 ∈ D we have
(18)
b|1− γ2|
2
a
−
(b+ 1)2 − a2
a
|γ2|+ b(1 − |γ2|
2) >
a2 − |bγ2 + 1|
2
a
.
Simplifying aboe and then dividing by 1 + b− a the last is equivalent
to
(19) b|γ2|
2 + (a + 1)− (b+ 1 + a)|γ2| > 0,
which is equivalent to the inequality
(20) (1− |γ2|)(a+ 1− b|γ2|) > 0.
And the last inequality holds trivially.  
Remark 19. A small modification of the proof of Lemma 17 gives a
much wider variety of complex gedoesics having the components being
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the Blaschke product of degree one or two. The idea is the following.
For |ω| = 1, γ ∈ D we put
(21) ϕω,γ(λ) =
(
λ
γ − ωλ
1− γ¯ωλ
=: λψ(λ),
aλ+ bλψ(λ)− λ2ψ(λ)
bλ+ aλψ(λ)− 1
, λ
)
.
Our aim will be to find ω so that the above mapping lies entirely in M
and the second component is the Blaschke product of degree two.
Recall that the Schur algorithm gives that the square polynomial
Aλ2 + Bλ + C has both roots outside D if and only if |C| > |A| and
|C|2 − |A|2 > |BC¯ − AB¯|. Applying this property to our function
(coming from the denominator of the second component) we get the
following inequality for ω that has to be satisfied
(22) b2 − |aγ + 1|2 > | − ab(1− |γ|2) + ω(aγ¯2 + (a2 − b2 + 1)γ¯ + a)|
The above inequality is equivalent to the following one
(23) b(1− |γ2|
2) > |a(1− |γ1|
2)− ω(aγ2 + bγ1 + γ1γ2)|,
where γ1 := γ, γ2 := −
aγ1+1
b
. And now we make use of the calculations
conducted in the proof of the previous lemma – to see that the above
inequality holds for |ω| = 1 lying in a non-empty open arc.
The above reasoning gives the following property for the variety M .
If only X ∈ T0M is such that |X1| > |Xj|, j = 2, 3 we get following
functions
(24) D ∋ λ 7→ (λ, λmη(ωλ), f3(λ)) ∈M,
where η is suitably chosen and |ω| = 1 may be chosen from some non-
empty arc.
The above result gives an example of a two-dimensional domain for
which the infinitesimal version of the Lempert theorem holds. Namely,
let
(25) Da,b := {z ∈ D
2 : |Fa,b(z1, z2)| < 1},
where Fa,b(z1, z2) :=
az1+bz2−z1z2
az2+bz1−1
.
Corollary 20. The following equality holds
(26) κDa,b ≡ γDa,b.
In the special case of the origin we have the following formula
(27) κDa,b(0;X) = max{|X1|, |X2|, |aX1 + bX2|}, X ∈ C
2, z ∈M.
Having proven Lemma 17 we shall show thatM is the Carathe´odory
set. As we already announced the proof will be a consequence of
Lemma 17 and a topological argument.
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Proof of Theorem 16. We show that
(28) cM(0, z) = lM(0, z) = max{ρ(0, zj) : j = 1, 2, 3}.
Below we use the notation as in Lemma 17. To show the above it is
sufficient to show that for any x ∈ D∗ and any (λ1, λ2) ∈Mx, where
(29) Mx := {(λ1, λ2) ∈ D
2 : (λ1x, λ2x, x) ∈M}
there is a γ ∈ X such that Φγ(x) = (λ1x, λ2x, x). Denote Ψγ(x) :=
(Φγ(x))1,2
x
. To finish the proof it is sufficient to show that the function
(30) ψx : X ∋ γ 7→ Ψγ(x) ∈Mx
is onto. The properties of the functions (ω, η) imply that ψx is not
only continuous but it also extends continuously onto the closure of X .
Moreover, if |γj| = 1 is such that γ ∈ X then the extension satisfies
the equality (ψx(γ))j = γj. Both X and Mx are simply connected two
dimensonal surfaces bounded by union of two arcs and such that ψx is
a homeomeorphis between the boundaries. Consequently, ψx is onto.

As a direct consequence of the theorem we get the equality of invari-
ant functions in a class of two-dimensional domains.
Theorem 21. The domain Da,b is the Lempert domain.
Remark 22. Note that if the triple {1, a, b} satisfies the triangle in-
equalitythen the domain Da,b is never linearly convex. Actually, to see
this take an arbitrary point w ∈ ∂Da,b ∩ D
2. Then |Fa,b(w)| = 1. As-
suming the linear convexity we find a vector v ∈ C2 \ {0} such that
|Fa,b(w + λv)| ≥ 1 for λ close to zero. The minimum principle for
holomorphic functions implies that Fa,b(w + λv) equals some unimod-
ular constant for λ close to 0, which in view of the explicit formula for
Fa,b easily implies that either v1 or v2 is zero. Assume that v1 = 0.
Then the function λ → Fa,b(w + λv) is a homography, the elementary
calculations give that it is constant precisely when
(31) bw21 − (b
2 + 1− a2)w1 + b = 0.
But the above equation is satisfied only for |w1| = 1 (use the triangle
inequality for the triple {a, b, 1} to see that the roots of the above
square equation are not reals), which gives the contradiction.
Remark 23. As we saw the Lempert Theorem holds for the bounded
hyperconvex domain Da,b which is not linearly convex. It would be
desirable to decide whether the domain Da,b is not biholomorphic to a
convex domain. Note that the domains Da,b are the next candidates for
examples of that kind. Perhaps from the point of view of the Lempert
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Theory the domains Da,b have much less nice properties than the ex-
isting examples of that type (the symmetrized bidisc and tetrablock).
In any case it seems reasonable that an effort should be undertaken
to understand better the function geometric properties of that class of
domains.
Remark 24. Let us underline once more that a study of a class of
two-dimensional submanifolds of the tridisc that appeared in the study
of the extension property in [13] led not only to introducing a new
property that seems to be better suited in the study of the extension
property (Carathe´odory sets) but also provides examples of domains
interesting for the geometric function theory.
4. Universal sets for the (infinitesimal) Carathe´odory
extremal problem
In [2] the Authors introduced the notion of universal sets for the
Carathe´odory extremal problem concentrating mainly on the problem
in the symmetrized bidisc. In the present section we concentrate on
that topic presenting results on the domains admitting finite universal
sets.
Let D be a domain in Cn. We say that C ⊂ O(D.D) is a universal set
for the Carathe´odory (respectively, for the infinitesimal Carathe´odory)
extremal problem if for any w, z ∈ D, w 6= z (respectively, w ∈ D,
X ∈ Cn, X 6= 0) there is an F ∈ C such that cD(w, z) = ρ(F (w), F (z))
(respectively, γD(w;X) = γD(F (w);F
′(w)(X))).
Remark 25. Assume that D is c-hyperbolic and γ-hyperbolic (i. e.
cD(w, z) > 0 for all w, z ∈ D, w 6= z and γD(w;X) > 0, w ∈ D,
X ∈ Cn \ {0}). If C is a universal set for the Carathe´odory extremal
problem then C is also a universal set for the infinitesimal Carathe´odory
extremal problem.
As to the problem of the existence of finite universal sets we present
a result on one dimensional domains and show that the domains Da,b
introduced in Section 3 are examples showing that the situation in
dimension one and two differs completely. We also simplify and ex-
tend results on characterization of domains with finite universal sets
presented in [2].
Recall that the domain D is c-finitely compact if the Carathe´odory
balls {z ∈ D : cD(w, z) < r} are relatively compact in D for all w ∈ D,
r > 0.
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4.1. Planar domains with minimal universal sets. Recall that for
planar domains c-hyperbolicity is equivalent to γ-hyperbolicity and this
is equivalent to the existence of a non-constant bounded holomorphic
function (see e. g. [12]).
The infinitesimal version of the proposition below is the content of
Theorem 1 in [9]. The non-infinitesimal case can be obtained along the
same lines.
Proposition 26. (cf. Theorem 1 in [9]). Let D be a planar domain.
Then Carathe´odory extremals and infinitesimal Carathe´odory extremals
are uniquely determined which means that up to automorphisms of the
unit disc for any w 6= z (respectively, w ∈ D) there is only one F ∈
O(D,D) such that
cD(w, z) = ρ(F (w), F (z)),(32)
respectively, γD(w; 1) = γD(F (w);F
′(w)).(33)
We show that in the case of the planar domains the existence of finite
universal sets makes the domain (under some evident assumptions) be
the unit disc which is contained in the following.
Theorem 27. Let D be a domain in C that has a finite universal set
for the infinitesimal Carathe´odory problem. Then D has a universal set
consisting of one element. In particular, if D is additionally c-finitely
compact then it is biholomorphic to the unit disc.
Proof. Without loss of generality we may assume thatD is γ-hyperbolic.
Let C = {Φ1, . . . ,ΦN} be a minimal finite universal set for the infini-
tesimal Carathe´odory extremal problem. It is sufficient to show that
N = 1. Suppose that N ≥ 2. Denote V := Φ(D). The uniqueness of
γ-extremals and the minimality of C imply that for any z ∈ D there is
a j such that
(34) γD(Φj(z); Φ
′
j(z)) > max{γD(Φk(z); Φ
′
k(z)), k 6= j}.
On the other hand the minimality of the set C implies that for any
1 ≤ k ≤ N there is a z ∈ D such that
(35) γD(Φk(z); Φ
′
k(z)) > max{γD(Φj(z); Φ
′
j(z)) : j 6= k}.
Standard connectivity argument shows, however, that both statements
cannot hold simultanuously. 
4.2. Finite universal sets induce embeddings into polydiscs.
Below we generalize Theorem 2.3 from [2] with a simpler proof.
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Theorem 28. Let D ⊂ Cn be c-hyperbolic and γ-hyperbolic. As-
sume additionally that C = {Φ1, . . . ,ΦN} is a universal set for the
Carathe´odory extremal problem. Then the mapping
(36) Φ := (Φ1, . . . ,ΦN) : D → D
N
is a holomorphic embedding. In particular, N ≥ n and Φ(D) is a
connected complex submanifold of dimension n.
Moreover, Φ(D) is a Carathe´odory set. In paticular we get
cΦ(D)(w, z) = max{ρ(Φj(w),Φj(z)) : j = 1, . . . , N},(37)
γΦ(D)(Φ(w); Φ
′(w)(X)) = max{γD(Φj(w); Φ
′
j(w)(X) : j = 1, . . . , N}
(38)
w, z ∈ D, X ∈ Cn.
If D is additionally c-finitely compact then Φ is proper so in the case
n = N we get that Φ(D) = Dn.
Proof. The definition of the universal Carathe´odory set gives
(39) cD(w, z) = max{ρ(Φj(w),Φj(z)) : j = 1, . . . , N} =
cDN (Φ(w),Φ(z)), w, z ∈ D.
Let w, z ∈ D be such that Φ(w) = Φ(z). Then cD(w, z) = 0 and the
c-hyperbolicity implies that w = z. Therefore, Φ is injective. Simi-
larly, because of the fact that {Φ1, . . . ,Φn} is a universal set for the
infinitesimal Carathe´odory extremal problem we get
(40) γD(w;X) = max{γD(Φj(w); Φ
′
j(w)(X)) : j = 1, . . . , N} =
γDN (Φ(w); Φ
′(w)(X))}, w ∈ D,X ∈ Cn.
Since D is γ-hyperbolic we get that the rank of Φ′(w) is n.
We prove that V := Φ(D) is a Carathe´odory set. This can be seen
as follows.
(41) cDN (Φ(w),Φ(z)) = max{ρ(Φj(w),Φj(z)) : j = 1, . . . , N} =
cD(w, z) = cΦ(D)(Φ(w),Φ(z)) ≥ cDN (Φ(w),Φ(z)).
Assume that D is additionally c-finitely compact. We show below
that Φ is proper.
Fix w ∈ D and let (zk)k have no accummulation point in D. Then
the equality
(42) cDN (Φ(w),Φ(z
k)) = cD(w, z
k)→∞
implies that (Φ(zk))k has no accummulation point in D
N which gives
the desired properness of Φ. 
EXTENSION PROPERTY IN THE TRIDISC 20
4.3. Not only polydisc admits finite universal sets for the Cara-
the´odory extremal problem in higher dimension. It is shown in
[2] that the projections are contained in any universal Carathe´odory
set of the bidisc. It turns out that under evident assumptions domains
Da,b have similar property - the three functions defining Da,b must lie
in any universal Carathe´odory set. Moreover, the domains Da,b are
examples of (very nice, for instance c-finitely compact) domains which
admit the finite universal Carathe´odory sets and still not being the
bidisc. This shows that the situation in the case n = 1 differs from the
case of n bigger. The fact that Da,b is not biholomorphic to the bidisc
follows for instance from the fact that the indicatrix of Da,b at 0 is the
domain (see Corollary 20)
(43) {X ∈ C2 : κDa,b(0;X) < 1} =
{X ∈ C2 : max{|X1|, |X2|, |aX1 + bX2|} < 1},
which is not linearly isomorphic to the bidisc under the assumption
that the triple {a, b, 1} satisfies the triangle inequality.
Example 29. Recall that Agler, Lykova and Young remarked that in
the bidisc any universal set for the Carathe´odory problem must contain
(up to an automorphism) both projections. Similar property holds for
the domains Da,b. More precisely, if the triple {a, b, 1} satisfies the
triangle inequality then the universal set for the Carathe´odory extremal
problem for the domain Da,b = {z ∈ D
2 : |az1 + bz2 − z1z2| < |bz1 +
az2 − 1|} contains (up to automorphisms) three functions:
(44) z 7→ z1, z 7→ z2 and z 7→
az1 + bz2 − z1z2
bz1 + az2 − 1
.
To show above note that it is sufficient to see that any of the functions
zj (up to an automorphism), j = 1, 2, 3, must belong to a universal set
for the Carathe´odory problem in Mα being not a retract. Take such a
variety. Consider the functions as in Remark 19
(45) D ∋ λ 7→ (λ, λmη(ωλ), f3(λ)) ∈M,
where η is fixed and ω is from some nonempty arc. Then one of left
inverses (call it F ) of the function for the fixed ω is a left inverse for
all ω from the given arc. Consequently, the function F depends only
on the first variable and this equals z1.
Remark 30. It follows from [13] that any subdomain of C2 that has a
universal set composing of three elements is biholomorphic to a sub-
manifold of D3 that is a graph of a holomorphic function for each choice
of the coordinates. In particular, it is biholomorphic to a domain of
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the form D = {(z1, z2) ∈ D
2 : h(z1, z2) < 1}, where h is a holomor-
phic function such that z1 7→ h(z1, z2) (respectively z2 7→ h(z1, z2)) is
injective for every z2 ∈ D (resp. z1 ∈ D). Some other properties of h
were obtained in [13]. Recall that the results in [13] are stated with
the additional assumption of polynomial convexity. However, here they
can be dropped out. This forces two natural questions. The first one
is if any domain with a 3-element (or finite) universal set comes from
the variety Mα.
The second one is more particular; namely, whether any domain
having finite universal set is the Lempert domain.
5. Universal sets for the Carathe´odory extremal
problem for the unit ball B2
In the last section we make some remarks on the universal sets in
the unit ball. The results presented may be seen as the starting point
for the further study of a possible structure of (in some at the moment
not well determined sense) small universal sets for the Carathe´odory
extremal problem.
We start with an easy observation that the unit ball Bn, n > 1, does
not have a finite universal set for the Carathe´odory extremal problem.
Proposition 31. The unit ball Bn, n > 1, does not have a finite
universal set for the Carathe´odory problem.
Proof. It is a direct consequence of Lemma 5 from [16] which states the
following.
Any two different complex geodesics of the ball passing through 0
have different (up to automorphisms of the unit disc) left inverses. 
Remark 32. The result on the existence of many complex geodesics
passing through 0 in the symmetrized bidisc and tetrablock that admit
only one (up to an automorphism of the unit disc) left inverse can be
found in [15]. The fact that the symmetrized bidisc does not have a
finite universal set follows from Theorem 3.1 in [2]. Cosnequently, the
same holds for the tetrablock.
The most standard and anaturla procedure producing a class of the
universal set for the Carathe´odory extremal problem in the unit ball Bn
is following. As the unit ball is an example of the Lempert domain both
notions: extremals and infinitesimal Carathe´odory extremals coincide.
Moreover, the extremals are precisely the ones being the left inverses
to complex geodesic, which in turn are parametrizations of portions of
complex lines lying in the unit ball. To produce extremal to one of
complex geodesic (represented by l ∩ Bn) we may proceed as follows.
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Let a ∈ l ∩ Bn be the point of the minimal norm. Let Φa be the
automorphism of the unit ball such that Φa(a) = 0, Φa(0) = a – recall
that
(46)
Φa(z) := .
√
1− ||a||2(〈z, a〉a− ||a||2z)− 〈z, a〉a + ||a||2a
||a||2(1− 〈z, a〉)
, z ∈ Bn
for all a ∈ Bn \ {0} and Φ0 := idBn .
Now we may apply the unitary mapping U such that U(Φa(l∩Bn)) =
D × {0}n−1. And now the mapping Ψl := U1 ◦ Φa is one of possible
Carathe´odory extremals for the points from the geodesic l.
In the simplest case of n = 2 we may apply the above method and
we see that the universal set for the Carathe´odory extremal problem
may be chosen in the following way.
(47) C :=
{√
1− ||a||2(a¯1z2 − a¯2z1)
||a||(1− (a¯1z1 + a¯2z2))
: a = (a1, a2) ∈ B2
}
∪
{
a1z1 + a2z2 : a1 ≥ 0, |a2|
2 = 1− a21
}
.
Let us make one more remark on the properties of the above con-
struction. It follows directly from the construction of Ψl that it is
a rational mapping that is holomorphic on a neghborhood of Bn and
Ψ−1l (∂D) ∩ Bn = l ∩ ∂Bn. In other words the universal set for the
Carathe´odory extremal problem C just defined is parametrized by com-
plex lines l intersecting Bn and it is minimal in the sense that no proper
subset of C is a universal set. Moreover, any extremal mapping is a left
inverse to the unique geodesic.
It is natural to see whether one could define a class of Carathe´odory
extremals that could be extremals for a wider variety of geodesics,
which would yield then a universal set beig ’smaller’ than the one pro-
duced above. Following the construction of extremals from a recent
paper [16] we shall below get the desired class of functions. We restrict
ourselves for the dimension n = 2.
Let
(48) F (z1, z2) :=
2z1(1− z1)− z
2
2
2(1− z1)− z22
, z ∈ B2.
Recall that F ∈ O(B2,D) and F (z1, 0) = z1, z1 ∈ D (see [16]).
Remark 33. Note that the mapping F just defined assumes the value
of absolute value one on a bigger portion of ∂B2 than that of the most
natural form of extremal mappings (Ψl from the previous Section).
Actually, note that elemetary calculations give the property that for
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z ∈ ∂B2 the equality |F (z)| = 1 if and only if
(49) Im(z2(1− z¯1)) = 0.
The above property (fact that the absolute value equal to one is
assumed at two dimensional subset of ∂B2 suggests that the function F
may be a left inverse to a one-dimensional family of complex geodesics).
And this is really the case as the next observation shows.
We claim that for any t ∈ R the mapping F is the left inverse to the
mapping (complex geodesic in B2)
(50) ft(λ) :=
(
t2 + λ
1 + t2
,
t(λ− 1)
1 + t2
)
, λ ∈ D.
Recall that (c∗D := arctanh cD)
(51) c∗
B2
(w, z) =
√
1−
(1− ||w||2)(1− ||z||2)
|1− 〈w, z〉|2
, w, z ∈ B2.
It is elementary then to check that ft(D) ⊂ B2. It is therefore sufficient
to show that
(52) cB2(F (ft(λ1), F (ft(λ2))) = p(λ1, λ2), λ1, λ2 ∈ D,
which follows directly form the formula for the Carathe´odory distance
for the unit ball and the Poincare´ distance.
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